YffK 517.54 



A.K. BaxTHH, r.Il. BaxTHHa, H.B. JJpnera 



(Hhcthtyt MaTeiviaTHKH HAH YKpaiiHbi, KneB) 

(HaiI,HOHajIbHbIH TGXHHHGCKIIH yHHBepCHTeT YKpaiiHbi "KlieBCKHH nOJIHTeXHH- 



(Hhcthtyt MaTeMaraKH HAH YKpaHHbi, KneB) 

HepaBeHCTBa b 3a^anax o HeHajieraiomnx o6jiacTax. 

alexander . bahtin@yandex. ru , ir adenega@yandex. ru 

B ^aEHOii pa6oTe paccMOTpeim opfia floCTaTOHHO o6m,aa sa^ana o HeHajieraioinnx o6jiacTHx co cbo6o,h;hijImh 
nojiiocaMH Ha jryqeBbix CHCTeMax. OcHOBHaa Teopeivra flaHHoft CTaTbii SHaniiTejibHO o6o6maeT paHee h3bc- 
CTHbie pe3yjibTaTbi pjisi sa^an no/i,o6Horo Tinra. 

In this paper we consider quite general problem on non-overlapping domains with free poles on radial systems. 
The main theorem of this work generalizes the previously known results for problems of this type. 

1. BBefleHHe. B reoMeTpHnecKoft TeopHH (pyHKiniH KOMiuieKCHoro nepeivieH- 
Horo SKCTpeiviajibHbie salami o HeHajieraiomHx o6jiacT5ix hbjihiotch xoponio ii3Be- 
CTHbiM KjiaccHnecKHM HanpaBjietiiieM [1 - 43]. Bo3HHKHOBeHiie ^aHHoro HanpaB- 
jieHHH CB5i3aHO c KjiaccHHecKoii pa6oTOH MA. JlaBpeHTbeBa [T], b KOTopoii, b 
nacTHOCTH, 6bijia BnepBbie nocTaBjieHa h penieHa sa^ana o MaKCiiMyMe npoiiSBefle- 
HH5i KOHcpopMHbix pa^iiycoB flByx HenepeceKaioiuHxcsi oflHOCBHSHbix o6jiacTeft. B 
flajibHeftnieM stot pe3yjibTaT nojiymui 3HaHHTejibHoe pa3BiiTiie b pa6oTax MHoriix 
aBTopoB [2 - 43] . B nocjieflHee BpeMH oco6oe BHHMamie cneuiiajiiicTOB npiiBjieKjiii 
salami c Tax Ha3biBaeMbiMn VBo6oflHbiMH M nojiiocaMii p5]-[I7], |I2]-[I1D]- npii hc- 
cjieflOBaHHH 3KCTpeMajibHbix saflan Ba>KHyio pojib iirpaeT Teopii5i kb aflpaTiiHHbix 
flHcpcpepeHi^HajiOB (cm. [4]). 

B pa6oTax [21]-|ED], [36] 6biJi, b nacTHOCTn, pa3pa6oTaH MeTOfl KycoHHO- 
pasflejisnomero npeo6pa30BatiiiH, KOTopbift OTKpbiji HOBbie bo3mo>khocth fljra pe- 
nieHHH SKCTpeMajibHbix sa^an o HeHajieraioinHx o6jiacT5ix. npii onpeflejieHHbix 

yCJIOBHHX 3TOT MeTOfl II03BOJI5ieT CBOflHTb salami C 60JIbniHM HHCJIOM HeH3Be- 

CTHbix napaivieTpoB k saflanaivi c MemiiHM hx hhcjiom. ^aimaa paGcra nocBsnireiia 
HccjieflOBaHHK) HeKOTopbix sa^an ncfloGiioro THna. 




2. 06o3HaHeHHH h onpe^ejiemiH. 

IlycTb N, R - MHO>KecTBa HaTypajibHbix h BemecTBeHHbix HHceji cooTBeTCTBeH- 
ho, C - KOMiuieKCHa^ njiocKOCTb, C = C|J{oo} - ee o^HOTOHeHHaH KOMnaKTii- 
cpHKaHim, r(B,a) - BHyTperora pa^nyc oGjiacra B C C, OTHOCHTejibHO tohkh 
a G B (cm. Hanp. [3], (2E], gBJ), = \{t + r 1 ) h R+ = (0, oo). 

IlycTb n G N, n > 2. CncTeiviy ToneK := {a^ G C : = l,nj , Ha30BeM 
n - Jiyueeou, ecjin |a^| G R + npn A; = 1, n, = argai < arga2 < ... < 
arga„ < 2tt. 06o3HaHHM npn 3tom Pk(A n ) := : arga^ < argu; < argafc + i}, 
Ok ■ 



arga fc , a n+1 := ai, 



n+l 



27r, a fc := 



-arg^-, on+i 



oti, k = 1, n. 



^HaHHaa pa6oTa 6a3HpyeTC5i Ha npiiMeHeHiin KycoHHO-pasflejiaioiHero npeoGpa- 

30BaHH5I, pa3BHTOrO B [2~l]-|30j. J\r%. KOHKpeTHOrO HCnOJIb30BaHH5I SToro Me- 

TO^a paccMOTpiiM cneniiajibHyio CHCTeMy KOH(popMHbix OTo6pa>KeHHH. IlycTb 
C, = 7Tk(w) = —i (e k w) ak , A; = 1, n o6o3HaHaeT Ty oflHOSHaHHyio BGTBb mho- 

r03HaHHOH aHajIHTHHeCKOH (pyHKHHH 7Tk(w) 7 KOTOpaH OCyiI],eCTBJI5ieT OflHOJIHCTHOe 

ii KOHcpopMHoe OTo6pa>KGHne Pk(A n ) Ha npaByio nojiynjiocKOCTb ReC > 0. 

fljisi npoH3BOJibHoft n-jiyneBoii CHCTeMbi ToneK A n = {ak} h 7 G R + nojiaraeM 



fc=l 



x 



2'U. 



n 

fc=i 



l+j7(afe+Q!fc_i) 



Kjiacc Tex n - jiyneBbix CHCTeM ToneK ,zi,jih KOTopbix £( 7 )(y4„) = 1 aBTOMaTHHecKH 
co^ep^HT Bee n - jiyneBbie CHCTeMbi ToneK, paccnojio>KeHHbie Ha oxpy>KHOCTH. 

U,ejibio flaHHOH pa6oTbi 5iBji5ieTC5i nojiyneHHe tohhbix oueHOK CBepxy ^jth cpyH- 
Kii,HOHajiOB cjieflyiomero BH^a 



J^ = r^(B ,0)l[r(B k ,a k ) 



k=i 



r^e 7 G R + , A n = {cik}k=i ~ n-jiyneBasi CHCTeMa ToneK, ag = 0, {Bk}^ = Q 



CHCTeivia HeHajieraiOHi,Hx o6jiacTeii (to ecTb B p D Bj = npn p 7^ j, p, j = 0, n) 
TaKHx, hto a k G Bk C C npn /c = 0, n. 



1 -(2-x)- 



I(2-x) 2 



;2+x)- 
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x G (0,2]. 



BBe^eM (pyHKii,Hio F{x) 
3. OcHOBHbie pe3yjibTaTM. 

TeopeMa 1. IJycmh n G N ; n ^ 2 w 7 G (0, 1] . Tbgcta d/w jik>6ou n-jiyneeou 
cucmeMU moueK A n = {afc}fc = i; ^^ 7 ' ) (^4n) = 1 w jik>6ozo na6opa 63auMH0 nene- 
peceKawmuxca o6jiacmeu Bk, £ C C, fc - 0, n, cnpaeedAueo Hepaeencmeo 

^ ) <7- 5 -(TT«J -IFC-V^r. (2) 




3naK paeencmea e amoM Hepaeencmee docmmaemcn, Koeda a k u B k , k = 0, n ; 
mAJiwmcji, coomeemcmeeHHo, nojiwcaMU u npysoeuMU o6jiacmsiMU Keadpamu- 
hhozo ducfjcfiepermuaAa 

m \a 2 (^-7K + 7 , 2 /on 
Q{w)aw = r- -z— aw . d 

v y w 2 (w;" - l) 2 w 

/%0Ka3ameji , bcm60 meopeMti 1. IIpH jj,0Ka3aTejibCTBe TeopeMbi 1 cyme- 
CTBeHHO Hcnojib3yiOTC5i H^en flOKasaTejibCTBa TeopeMbi 1 H3 pa6oTbi [31] H cb °h- 
CTBa pa3jj,eji5noiii,ero npeo6pa30BaHH5i (cm. |23]-[27], [25], [SB]). E[ojio>khm 

Pfc := Pk(A n ) := G C\{0} : 6 k < argw < 6 k+1 }. 



PaccMOTpHM BBefleHyio paHee CHCTeMy (pyHKHHH £ = 7r k (w) = — i (e l6k w) ak 1 

k = l,n. IlycTb f2jj, 1 , A; = l,n, o6o3HanaeT oGjiacTb njiocKOCTH nojiyneHHyio 
b pe3yjibTaTe o6b.e r a,HHeHH5i cbh3hoh KOMnoHeHTbi MHO>KecTBa 7r k (B k (^\ P k ), co- 
flep^ameft TOHKy 7r k (a k ), co cbohm ciiMMeTpiiHHbiM OTpa>KeHHeM OTHOCHTejibHO 
mhhmoh och. B cbok) onepe/jb, nepe3 Q k , k = l,n, o6o3HanaeM oGjiacTb hiio- 
ckocth C^, nojiyneHHyio b pe3yjibTaTe o6T>ejiHHeHH5i cb5T3hoh KOMnoHeHTbi mho- 
>KecTBa n k (B k+ i P| Pfc), coflep^Kameii TOHKy 7r^(afc + i), co cbohm CHMMeTpHHHbiM 
OTpa^KemieM OTHOCHTejibHO mhhmoh och, B n+ \ := Bi, n n (a n +i) := 7r n (ai). KpoMe 
Toro, 0,^ 6yn,eT o6o3HanaTb o6jiacTb njiocKOCTH , nojiyneHHyio b pe3yjibTaTe 

oGb.ejJHHeHHfl CB5T3HOH KOMnOHCHTbl MHO>KCCTBa 7T k (Bq f] P k ) , coflep^Kameii TO- 
HKy ( = 0, CO CBOHM CHMMCTpHHHblM OTpa^KCHHCM OTHOCHTejibHO MHHMOH OCH. 

06o3HaHHM 7r k {a k ) := u k , ir k {a k+ i) := w[ 2) , fc = l,n, 7r n (a n+ i) := wi 2) . H3 
onpejj,ejieHH5i (pyHKHiiii 7Tfc BbiTexaeT, hto 

\irk(w) - uj^\ ~ — \a k \^~ l ■ \w - a k \, w -> a fc , w e P kj 



\ir k (w) - ~ — |afc+i| Qfe " • |w - Ofc+il, w-^ajb+i, w e P k , 

~ |w| Qfe , w — > o, we Pfc. 

Tor/aa, Hcnojib3y5i cooTBeTCTByioiuHe pe3yjibTaTbi pa6oT [2I] _ [2Z], [35], nojiynaeM 
HepaBeHCTBa 
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noBTopsia paccyjKfleHHH npHBefleHHbie b [35] npii ^OKasaTejibCTBe TeopeMbi 5.2.1. 
c y^eTOM BBefleHHbix Ha6opoB o6jiacTefi {.Pfc}-£ =1 , <pyHKij,HH {7Tk}k=i 11 Hiiceji 
{0k}k=i nojiynaeM HepaBeHCTBO fljra iiccjieflyeMoro (pyHKUHOiiajia (DO) 



r 



;so,o) < 



n 

_fc=i 



nf.o 



r 



n 

fc=i 



(i) . ,(i) 



l 



mi 



*fe-i 
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k=i k=i i a fc a fc+ii 
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n^(nf , ,o)nr(nf , .^ ) ) r ( n * W ' w * W ) 



.fc=l fc=l 



(6) 



BbipajKemie, CT05imee b CKoGxax (popMyjibi (EI), npe^CTaBjraeT co6oh npoH- 
SBefleHHe 3HaHGHiiH (pyHKijHOHajia r^ 2 (Q^\ 0)r(Q,^\ u^)r(Q^\ co^) Ha TpoiiKax 
HeHajieraioinHx o6jiacTeft ffij^fij^fijj. 2 ^ iijiockocth (. 

H3BGCTHO [32], HTO (pyHKL^HOHajI 

r°H£>i,di) • r«*(D 2 ,d 2 ) ■ r°*(D 3 ,d 3 ) 



^3(^1,^2,^3) = 



Mi - d 2 h +(72_C73 • Mi - 4| CTl_C72+(73 • \d 2 - d 3 \-^ +<T2+<7 ^ 



(7k £ dk <E Dk C C, Dkf]D p = 0, k = 1, 2, 3, p = 1, 2, 3, A; 7^ _p, HHBapiiaH- 

TeH OTHOCHTejIbHO BCeX KOHCpOpMHblX aBTOMOp(pH3MOB KOMIIJieKCHOH IIJIOCKOCTH 

C. 

C y^ieTOM SToro cnpaBe^jiHBa cjie/xyioinasi oueiiKa 
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,fc=l / fc=l |«fc«A:+l 
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11 '-W.^rtLW-JiM r x ( 7) 
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CnpaBefljiHBbi cooTHOineHHH |a; fc 
i i 

flajiee, yniiTbiBasi 3th paBeHCTBa HMeeM 
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IlpH Ka^KflOM A; = 1,71 HeCJIOJKHO yKa3aTb KOHCpOpMHblH aBTOMOp(pH3M C = 

Tk{z) njiocKOCTH KOMiuiGKCHbix HHceji C TaKoft, hto Tfc(O) = 0, Tfc u*4 ~~ 
(-1)« • i, G< 5) := T k , fc = T~ra, s = 1,2, q = 0, 1,2. Tor fl a 
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r^(n« 0) ,o)T(n>", w r).r(n-',« 
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flajiee, ncnojib3y5i pe3yjibTaTbi pa6oT 

>KGHHe 



nojiy^HM cjie^yioinee Bbipa- 
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n^(G« 0) ,0).r(G«,- 8 ).r( G f, J ) 



(9) 



B pe3yjibTaTe npoBefleHHbix BbiHHCjieHHH nanyHHM HepaBeHCTBO fljra (pyHKHii- 
OHajia (1) 
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.fc=l 



Tenepb paccMOTpHM BcnoMoraTejibHbiH (pyHKHHOHaji 

-1/2 



4 7) =(n«* 

,fc=i 



Pfe HepaBeHCTBa ( HUT ) cjie^yeT, hto 

~ n 

Jn = 7 4 



.fc=i 



(10) 



AHajiorHHHO [25], paccMOTpHM SKCTpeMajibHyio sa^any 



J]>(a fe ) — > max; ^a fc = 2. (11) 

fc=i fc=i 

5Icho, hto HeoSxoflHMbie ycjiOBHH SKCTpeiviyMa HMeiOT bh^ 
F'(a k ) A 



F{ak) n fk; 



fc = l,n. (12) 



fc=i 



(A - (pHKcnpoBaHHoe, Bem,ecTBeHHoe hhcjio). OyHKHira $(a) = y6biBaeT Ha 
npoMe>KyTKe (0,to], 1,168 < to < 1,170 h B03pacTaeT Ha [to, 2). Ho aHajiorHH 
c pa6oToii [25] paccMOTpHM cpyHKHHio H(a) = $(a) — $(2 — a), a G (0,2). 
Hecjio>KHbie BbiHHCJieHHsi noKa3biBaK»T, hto cpyHKHiM iJ(a) nojic»KHTejibHa Ha 
HHTepBajie (0, 1). 06o3HaHHM ao = max IlycTb ao = aw., I < ko < n, ko G 

l<fc<n 

N. flonycTHM, hto ao > 1, Tor^a a^ < 2 — ao < 1 fljra Bcex /c = 1, n, 
k ko. Cjiepyn paGcxre [25] nojiyHHM cooTHonieHH5i 



$(a ) = $(2 - (2 - a )) < $(2 - ao) < $(a fe ), A; = 1, n,k ^ 0. 

IlocjieflHee HepaBeHCTBO npoTHBopenHT HeoSxoflHMHM ycjioBH^M (TT21). IIosto- 
My Bee ak G (0, 1), k = 1, n. 



Tor^a npiixoflHM k BbiBO^y 



Ji 7) < 
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n/2 



Bo3Bpam,aHCb k iicxoflHOMy (pyHKu,HOHajiy (1) nojiy^aeM OKOHHaTejibHoe Hepa- 

BeHCTBO 

n 1 1/2 



j! 7) < 



7 



.k=l 




YTBep^KfleHHe o 3HaKe paBeHCTBa npoBepaeTca HenocpeflCTBeHHO. 
H3 Teopeivibi 1 HenocpeflCTBeHHO BbiTexaeT Teopeivia 4 pa6oTbi |25j . 
Cjie^cTBHe 1. IlycTb n G N, n > 2. Toiyja fljra jik»6oh CHCTeMbi pa3Jiii- 

HHblX TOHeK eflHHHHHOH OKpy>KHOCTH t4„ = H JIK)6orO Ha6opa B3aHMH0 

HenepeceKaK)in,Hxc5i o6jiacTeft {-B^}^ =0 , G -B , «fc G £>fc, k = l,n cnpaBe^jiiiBO 

HGpaBGHCTBO 



r(B ,0)Y[r(B k ,a k ) ^ 



n 



2^7 



k=l 



(n 2 - 7) n+ « \n + y/j. 



3na.K paBeHCTBa flocTHraeTesi npn ycjiOBirax TeopeMbi 1. 

ripii 7 = 1 h n > 2 cjie^CTBHe 1 6bijio nojiyHeHO B. H. ^ZXySiiHUHbiM b pa6oTe 
(|25|. 1988 r.), npiraeM H3 ero MeTO^a cjie^yeT, hto pe3yjibTaT BepeH h npii < 
7 < 1 IlosflHee T.B. Ky3bMHHa noBTopiuia stot pe3yjibTaT ^jih oflHOCBHSHbix 
o6jiacTeft flpyrHM MeTOflOM. 

H3 HepaBeHCTBa (Ej) h MeTo^a ^OKasaTejibCTBa TeopeMbi 1 nojiy^aeM cjie^yio- 
nine yTBep^c^eHHH. 

Cjie^cTBHe 2. [37] IlycTb n G N, n > 2, 7 G (0, 1]. Toiyra fljra jiio6oh 

CHCTeMbi pa3JIHHHbIX TOHeK eflHHHHHOH OKpy>KHOCTH A n = {a>k}k=l H JIK)6orO 

Ha6opa B3aHMHO HenepeceKaioiijirxcsi o6jiacTeft {Bk} k=0 , G 5o, «fc G k = 
l,n cnpaBefljiHBO HepaBeHCTBO 



1/2 




©)" 



3HaK paBeHCTBa flocTiiraeTCsi npn ycjiOBH5ix TeopeMbi 1. 

Cjie^cTBHe 3. [34] IlycTb n G N, n ^ 2 11 7 G (0; 0, 2]. Toiyra npn ycjiOBirax 



TeopeMbi 1 cnpaBefljiHBO HepaBeHCTBO 



vfc=l 



3HaK paBeHCTBa floeriiraeTCsi npii ycjiOBirax TeopeMbi 1. 

Cjie^cTBHe 4. llycTb n G N, n ^ 2 h 7 G (0,1]. Tor^a fljra jik>6oh n-jiyHeBoft 
CHCTeMbi ToneK A n = {cik}k=i 11 Jiio6oro Ha6opa B3aHMHO HenepeceKaK»mHxc5i 
o6jiacTeii Bk, at G Bk C C, A: = 0, n, cnpaBefljiiiBO HepaBeHCTBO 

n " (n 2 - 7 )^ U + v^/ 



3HaK paBeHCTBa b stom HepaBeHCTBe flocTHraeTca, Kor^a h 5^, /c = 0, n, 

SffiJTillOTCSI, COOTBeTCTBeHHO, nojiiocaMii II KpyrOBblMII o6jiacraMH KBaflpaTHHHOrO 

flHCpcpepeimHajia 

Q(w)dw = — - dw , 

w z {w n — R n ) z 

r A e R n+ ^ = £W (An). 
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